In this paper, we introduce and study the existence of solutions and convergence of Ishikawa iterative processes with errors for a class of nonlinear variational inclusions with accretive type mappings in Banach spaces. The results presented in this paper extend and improve the corresponding results of [4-9, 11,16-17,19].
INTRODUCTION
Throughout this paper we suppose that X is a real Banach space, X* is its dual space, (.,.) is the pairing of X and X*. Let D(T) and R(T) denote the domain and the range of T, respectively. Let B: X X, g:X X* be two mappings, and o X* R U { +o} a proper convex lower semi-continuous function. For any given f X, we consider the following problem:
Find an u X such that g(u) o(0 ) (Bu -f, v g(u)) >_ qo(g(u)) o(v), VvX*, (1.1) where c9o denotes the subdifferential of go. (1.3) (Tu -Au-f, v-g(u)) > qo(g(u)) go(v), VvH, which is called the variational inclusion problem in Hilbert space studied by Hassouni-Moudafi [6] , Ding [4, 5] , Huang [8, 9] , Kazmi [11] and Zeng [19] . 3 (1.4) which is called the strongly nonlinear quasi-variational inequality problem studied by Huang [7] , Noor [13, 14] , Siddiqi et al. [16, 17] . [4, 5] , Hassouni-Moudafi [6] , Huang [7] [8] [9] , Kazmi [11] , Siddiqi et al. [16, 17] and Zeng [19] .
PRELIMINARIES
A mapping J :X --2 x is said to be a normalized duality mapping, if it is defined by J(x) (f X*: <x, f) Ilxll" Ilfll, Ilfll Ilxll}, x x.
It is well known (see, e.g., [18] ) that J is bounded and if X is uniformly smooth, then X is smooth and reflexive, and J is single-valued and is uniformly continuous on bounded subsets of X. <Tx Ty,j(x y)) >_ dp(llx Yll)llx YlI.
It is known (see, e.g., [15] ) that the class of strongly accretive mappings is a proper subset of the class of -strongly accretive mappings. Closely related to the class of strongly accretive (respectively, 0-strongly accretive) mappings is the class of strongly pseudocontractive (respectively, -strongly pseudocontractive) mappings. It was shown in [15] that the class of strongly pseudocontractive mappings is a proper subset of the class of b-strongly pseudocontractive mappings. The example in [2] shows that the class of bstrongly pseudocontractive mappings is a proper subset of the class of the class of b-hemicontractive mappings. It is easy to see that A is a strongly (respectively, b-strongly) pseudocontractive mapping if and only if T= I-A is strongly (respectively, b-strongly) accretive where I is the identity mapping.
In the sequel we need the following Lemmas.
LErIA 2.1 Let X be a real uniformly smooth Banach space, T: X X a qb-strongly accretive mapping and S" X X an accretive mapping.
Then T+ S'X X is also a qb-strongly accretive mapping.
Proof Since X is uniformly smooth, we know that the normalized duality mapping J is a single-valued mapping. Hence, for any x, y X, 
Proof Let x* be a solution of the nonlinear variational inclusion problem (1.1), then g(x*) D(Oqo) and
By the definition of subdifferential of qo it follows from the above expression that f Bx* Oo(g(x*)).
This implies that x* f (Bx* + Oo(g(x*))) + x* Sx*, and so x* is a fixed point of S in X.
Conversely, suppose that x* is a fixed point of S in X. We have x* Sx* f (Bx* + cgqo(g(x* + x*.
This implies that f Bx* E Oqo(g(x*)).
From the definition of 0% it follows that From the conditions (i), (ii) and Lemma 2.1, the mapping B+Ooog" X X is a strongly accretive semi-continuous mapping with a strongly accretive constant k E (0, 1). By Theorem 13.1 of Deimling [3] , we know that B + 0o o g is surjective. Therefore, for any given f E X, the equation f= (B+ Oo o g)(x) has a solution x*, and so x* is a fixed point of S, i.e., x*= Sx*. Since X is reflexive, it follows from Lemma 2.4 that x* is also a solution of the nonlinear variational inclusion (1.1). Now we prove that x* is the unique solution of the nonlinear variational inclusion (1.1) in X. Suppose the contrary, u* E X is also a solution of (1.1), then u* is also a fixed point of S and so IIx* u*ll = (x* u*,J(x* u*)) (Sx* Su*,(x* *)) <f-(B + Oqo o g)(x*) + x* (f-(B + Oqo o g)(u*) + u*),J(x* u*)) IIx* u*ll 2 <(n / 0qo o g)(x*) (B + Oqo o g)(u*),J(x* u*)) _< IIx* u*ll 2 kllx* u*ll 2. Since k E (0, 1), this implies that IIx*-u*ll==0, Hence x*= u*. This proves that x* is the unique solution of (1.1).
Next we prove that the Ishikawa iterative sequence {xn} with errors converges strongly to x*.
Since S has bounded range R(S) and {Un}, {vn} are two bounded sequences in X, we set M suP{llSx x*ll + IIx0 x*ll" x X) + sup{llunll n > 0) + suP(llvnll n _> 0}. IIx.+ I I II( n)(Xn X*) + n(Syn x*) + .u.II Using the uniformly continuity of J, we know that II(x+-x*)-(y-x*)ll 0(n ) and so e 0(n ). [16, 17] and Zeng 19] .
